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A general asymmetric yield function is proposed with dependence on the stress invariants
for pressure sensitive metals. The pressure sensitivity of the proposed yield function is con-
sistent with the experimental result of Spitzig and Richmond (1984) for steel and alumi-
num alloys while the asymmetry of the third invariant is preserved to model strength
differential (SD) effect of pressure insensitive materials. The proposed yield function is
transformed in the space of the stress triaxaility, the von Mises stress and the normalized
invariant to theoretically investigate the possible reason of the SD effect. The proposed
plasticity model is further extended to characterize the anisotropic behavior of metals both
in tension and compression. The extension of the yield function is realized by introducing
two distinct fourth-order linear transformation tensors of the stress tensor for the second
and third invariants, respectively. The extended yield function reasonably models the evo-
lution of yield surfaces for a zirconium clock-rolled plate during in-plane and through-
thickness compression reported by Plunkett et al. (2007). The extended yield function is
also applied to describe the orthotropic behavior of a face-centered cubic metal of AA
2008-T4 and two hexagonal close-packed metals of high-purity a-titanium and AZ31 mag-
nesium alloy. The orthotropic behavior predicted by the generalized model is compared
with experimental results of these metals. The comparison validates that the proposed
yield function provides sufficient predictability on SD effect and anisotropic behavior both
in tension and compression. When it is necessary to consider r-value anisotropy, the pro-
posed function is efficient to be used with non-associated flow plasticity by introducing a
separate plastic potential for the consideration of r-values as shown in Stoughton and Yoon
(2004, 2009).

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Various metal forming processes are achieved by taking the advantage of permanent plastic deformation under external
loading. Plastic deformation has been modeled by various phenomenological yield functions for the purpose of engineering
application and analysis of metal forming processes. Plastic behavior of metals was initially assumed to be homogeneous and
independent of loading directions. This isotropic plastic deformation is described by a number of yield functions such as
Tresca (1864), von Mises (1913), Hencky (1924) and Karafillis and Boyce (1993). Plastic deformation is strongly sensitive
to loading directions due to the texture developed during cold rolling. The directionality of plastic deformation in sheet
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metals cannot be modeled by isotropic yield functions. Accordingly, various orthotropic yield functions (Hill, 1948, 1979,
1990, 1993; Hosford, 1979; Barlat and Lian, 1989; Barlat et al., 1991, 1997, 2003, 2005; Karafillis and Boyce, 1993; Banabic
et al., 2005; Aretz and Barlat, 2013; Yoshida et al., 2013; Soare and Barlat, 2010) were developed for accurate modeling of
anisotropic plastic behavior of sheet metals. Significant efforts in developing of these yield functions were devoted by intro-
ducing more anisotropic coefficients to increase the flexibility of yield functions. These anisotropic yield functions are exten-
sively utilized in various metal forming processes of steel and aluminum alloys. One of the simplest metal forming processes
for the verification of these anisotropic yield functions is a cup drawing, which was extensively utilized to assess the perfor-
mance of various yield functions (Yoon et al., 2000, 2004, 2006, 2011).

Recently, hexagonal close-packed (HCP) metals attracted increasing efforts owning to the high ratio of strength to density.
However, the plastic behavior of HCP metals shows noticeable difference between tension and compression, which is re-
ferred as the strength differential (SD) effect. SD effect is mainly due to the directional twinning of HCP metals. Cazacu
and Barlat (2004) restored the asymmetry of the third stress invariant to model SD effect of HCP metals as well as the anisot-
ropy. Cazacu et al. (2006) developed another anisotropic-asymmetric yield function for pressure insensitive metals. The yield
function is referred as the CPB’06 yield function. Plunkett et al. (2006) applied the CPB’06 yield function to describe mechan-
ical response of high-purity zirconium accounting anisotropic hardening. Nixon et al. (2010) proposed a new anisotropic
yield function with SD effects and applied to titanium. Anisotropy was introduced using a linear transformation approach
in conjunction with the isotropic form of Cazacu and Barlat (2004) yield function. Yoon et al. (2013) employed the CPB’06
yield function for AZ31 sheet alloy with anisotropic hardening for simulation of axial crushing. Ghaffari Tari et al. (2014)
applied an extended CPB’06 yield function to describe the evolving anisotropic-asymmetric mechanical behavior of
AZ31B-O at room temperature. Khan and Yu (2012) experimentally investigate the anisotropic behavior of Ti–6Al–4V alloy
both in tension and compression considering effect of strain rate and temperature. Khan et al. (2012) also proposed a yield
function with dependence on strain rate and temperature to model both the anisotropy and tension–compression asymmet-
ric characteristics of Ti–6Al–4V alloy.

Plastic deformation is generally assumed to be pressure insensitive for void-free metals. However, Spitzig et al. (1975)
and Spitzig and Richmond (1984) observed that the yielding under uniaxial tension is affected by a superimposed hydro-
static pressure for single crystal, polycrystalline aluminum and steel alloys. Based on this experimental observation, Stough-
ton and Yoon (2004) modeled the SD effect with a pressure-sensitive yield function under non-associated flow rule. Lou et al.
(2013a) proposed a simple method to couple SD effect of incompressible sheet metals with symmetric yield functions under
associated flow rule. The proposed method was applied to the Yld2000-2d yield function which was validated to be capable
of modeling both SD effect and orthotropic behavior of aluminum alloys and HCP metals. Gao et al. (2011) proposed a pres-
sure dependent yield function under non-associated flow rule for isotropic metals. The pressure dependent of this yield func-
tion, however, is somewhat arbitrary and conflicts with experimental observation of Spitzig et al. (1975) and Spitzig and
Richmond (1984).

As the increasing demand of incremental sheet forming and hydroforming in industries, effect of the normal stress is not
negligible in these advanced sheet metal forming processes. Moreover, sheet-bulk metal forming, a new class of forming
technology, is extensively investigated in Germany to generate small features of sheet metal workpieces instead of conven-
tional cutting operations not only because of improved load capability of formed parts induced by work hardening in sheet-
bulk metal forming but also the reduction of waste fostered by green manufacture (Merklein et al., 2012). Compared to the
conventional sheet metal forming, metals deforms plastically under compression in sheet-bulk metal forming rather than
stretching in most drawing processes. These advanced metal forming processes throw out three new challenges in modeling
of plastic behavior of sheet metals:

(a) Constitutive models of plastic deformation should couple the effect of the through-thickness stress and be developed
for metals under three-dimensional loading.

(b) Constitutive models should provide correct description of anisotropic behavior not only in tension but also in com-
pression with simplified yield function derivatives for user friendly FE implementation.

(c) Constitutive functions are capable of modeling strong SD effect of HCP metals since employment of these metals is an
efficient way for weight reduction.

However, the yield functions reviewed above do not provide fully satisfactory solutions for all of these challenges. In
this paper, a general yield function is proposed with dependence on the first, second and third invariants of the stress
tensor. The proposed yield function is transformed into the space of the stress triaxiality, the von Mises stress and the
normalized third invariant to theoretically investigate the possible reasons for SD effect. The yield function proposed is
further extended to an anisotropic form by introducing two different fourth order linear transformation tensors to the sec-
ond and third invariants, respectively. The anisotropic form of the yield function proposed is first utilized to model the
yield surface evolution of a zirconium clock-rolled plate during in-plane and through-thickness compression reported
by Plunkett et al. (2007) in order to validate its flexibility. The proposed yield function is also applied to describe aniso-
tropic behavior both in tension and compression for AA 2008-T4, a high-purity a-titanium and a magnesium alloy of AZ31
to verify its performance.
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2. A general yield function

For an isotropic material under thee-dimensional loading of a stress tensor denoted by r or rij, the stress state can be
solely determined by three stress invariants expressed as follows:
I1 ¼ TrðrijÞ ¼ r1 þ r2 þ r3 ð1Þ

J2 ¼
1
2

sijsij ¼
1
6
ðs1 � s2Þ2 þ ðs2 � s3Þ2 þ ðs3 � s1Þ2
h i

ð2Þ

J3 ¼ detðsijÞ ¼ s1s2s3 ð3Þ
where r1, r2 and r3 are three principal stresses of the stress tensor of r and s1, s2 and s3 are three principal values of the
stress deviator tensor of s or sij computed by
sij ¼ rij � rm ¼ rij �
I1

3
ð4Þ
with rm as the mean stress.
Based on experimental results of uniaxial tension under a superimposed hydrostatic pressure for aluminum and steel al-

loys, Spitzig et al. (1975) and Spitzig and Richmond (1984) formulated the pressure sensitivity of metals by adding the first
stress invariant to the von Mises stress as below:
f ðrijÞ ¼
ffiffiffiffiffiffiffi
3J2

p
þ aI1 ¼ rMises þ aI1 ð5Þ
where rMises denotes the von Mises stress.
Drucker (1949) proposed a yield function to couple the effect of both the second and third invariants on yielding as

below:
f ðrijÞ ¼ J3
2 � cJ2

3 ð6Þ
Note that Drucker (1949) accounts for J3 effects. However, it cannot capture SD effects because it is an even function. To
account for SD effects, in Cazacu and Barlat (2004) the following odd function of J2 and J3 was proposed:
f ðrijÞ ¼ J3=2
2 � cJ3 ð7Þ
Gao et al. (2011) developed a yield function coupling effect of all three stress invariants as below:
f ðrijÞ ¼ aðbI6
1 þ 27J3

2 þ cJ2
3Þ

1=6
ð8Þ
Coupling effect of three stress invariants in Eq. (8) provides a possibility to investigate their influence on plastic deformation.
The proposal of Eq. (8), however, is somewhat arbitrary and not based on experimental observation. Here a general yield
function is formulated with three invariants as below:
f ðrijÞ ¼ a bI1 þ J3=2
2 � cJ3

� �1=3
� �

ð9Þ
This general yield function assumes a linear dependence of yielding on the first invariant according to experimental results
of Spitzig et al. (1975) and Spitzig and Richmond (1984) and preserves the asymmetry of the third stress invariant to model
SD effect of pressure insensitive metals. The material constants of b and c modulate the influence of the pressure and the
third invariant on yielding of metals while the material parameter a is determined by experiments used to characterize
the strain hardening behavior of metals. Normally, the strain hardening behavior is measured from uniaxial tensile tests
and accordingly the material constant a is computed in a form of
a ¼ 1

bþ 1
3
ffiffi
3
p � 1

27 c
� �1=3 ð10Þ
When the material constant b is zero, Eq. (9) reduces to the isotropic form of the Cazacu–Barlat’s yield function. The von
Mises yield function is realized from Eq. (9) when both b and c disappear. Moreover, it is easy to prove that the introduction
of the pressure term (i.e. b is different from zero) in the original form of the isotropic form of Cazacu and Barlat (2004) does
not affect the convexity of the proposed yield function since the Hessian matrix of the proposed yield function is identical to
that of the Cazacu–Barlat’s yield function. Therefore, the convexity of the proposed yield function in Eq. (9) is satisfied when

c 2 �3
ffiffiffi
3
p

=4;3
ffiffiffi
3
p

=4
h i

which is the same as that for the Cazacu–Barlat’s yield function.

The effect of pressure sensitivity is modulated by the parameter b as illustrated in Fig. 1(a) and (b). It is observed that
yield stresses increase with the mean stress when b < 0, while raising the mean stress reduces the yield stresses when
b > 0. When b = 0, yielding is independent of the first stress invariant. Effect of b is also depicted for the yield surface under



Fig. 1. Effect of the pressure sensitive parameter b on the yield surface of the proposed yield function constructed in the three-dimensional space of
principal stresses: (a) negative b; and (b) positive b.

J.W. Yoon et al. / International Journal of Plasticity 56 (2014) 184–202 187
plane stress in Fig. 2. The ratio of tensile yield stress to compressive yield stress decreases as b rises from a negative value to a
positive one.

The material parameter c adjusts effect of the third stress invariant on yielding. The material constant b is set to zero to
graphically illustrate influence of c on the yield surface since the three-dimensional yield surface can be plotted on the p-
plane in Fig. 3 for pressure insensitive materials. Intersection with the octahedral plane is generally done for I1 = constant
but not necessarily zero. In Fig. 3 is shown the intersection for I1 = 0. In this case, the yield surface of Eq. (8) is identical
to the isotropic form of Cazacu and Barlat (2004). It is observed that the yield surface is convex when

c 2 �3
ffiffiffi
3
p

=4;3
ffiffiffi
3
p

=4
h i

. In addition, SD effect is correctly modeled without the effect of the pressure sensitivity. When

b = 0, the ratio of the uniaxial tensile yield stress to the uniaxial compressive yield stress ranges from the lower bound of
3�1/3 at c ¼ �3

ffiffiffi
3
p

=4 to the upper bound of 31/3 at c ¼ 3
ffiffiffi
3
p

=4. The upper and lower bounds of SD effect can be described
by the proposed yield function without pressure sensitivity are clearly illustrated by the yield surface under plane stress
in Fig. 4. Hosford and Allen (1973) stated that the ratio of the uniaxial tensile yield stress to the uniaxial compressive yield
stress that a pressure insensitive yield function can describe is limited to [1/2,2], which are covered by the CPB’06 yield func-
tion (Cazacu et al., 2006). Lou et al. (2013a) documented that SD effect must be modeled by a yield function with pressure
sensitivity for metals with strong SD effect beyond the limitation of [1/2,2], such as for pure textured magnesium (Kelley and
Hosford, 1968).

3. Yield function proposed with dependence on stress triaxiality and Lode parameter

Bai and Wierzbicki (2008) proposed a plasticity model with stress triaxiality and Lode dependence in a form as below:
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Fig. 3. Effect of the third stress invariant on the yield surface adjusted by the material parameter c for materials under three-dimensional loading. It should
be noted that the yield function in Eq. (9) reduces to the isotropic form of Cazacu and Barlat (2004) when b = 0.
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f ðrijÞ ¼ rMises 1� cgðg� g0Þ
� �

cs
h þ cax

h � cs
h

	 

c� cmþ1

mþ 1

� �� �
ð11Þ
with c and cax
h as two parameters defined by
c ¼ cosðp=6Þ
1� cosðp=6Þ

1
cosðh� p=6Þ � 1
� �

ð12Þ

cax
h ¼

ct
h for �h P 0

cc
h for �h < 0

(
ð13Þ



-2.0 -1.5 -1.0 -0.5 0.5 1.0 1.5

-2.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

σ1

σ 2c = - sqrt(27)/4
T/C = 3^(-1/3)

c = - 0.6962
T/C = 3^(-1/6)

c = 0.0 (Mises)
T/C = 1

c = 0.6962
T/C = 3^(1/6)

c = sqrt(27)/4
T/C = 3^(1/3) b = 0.0

Fig. 4. Effect of the material constant c on the yield surface of the proposed yield function in Eq. (9) constructed in the space of principal stresses under
plane stress condition with r3 = 0. b = 0 indicates that the yield function in Eq. (9) reduces to the isotropic form of Cazacu and Barlat (2004).

J.W. Yoon et al. / International Journal of Plasticity 56 (2014) 184–202 189
where h denotes the Lode angle as defined in Fig. 5, �h is referred as the Lode angle parameter computed as �h ¼ 1� 6h=p, and
the stress triaxiality g is the mean stress normalized by the von Mises stress expressed as below:
g ¼ rm

rMises
¼ I1

3
ffiffiffiffiffiffiffi
3J2

p ð14Þ
In the yield function of Eq. (11), two material constants of g0 and cg are introduced to model the effect of stress triaxiality on
yielding while Lode dependence are modulated by ct

h; cc
h; cs

h and m. One obvious problem of this function lies in that yielding
will never occur when the term for stress triaxiality is equal to zero such as cg(g � g0) = 1.

Similarly, the proposed yield function in Eq. (9) can also be expressed with the dependence on the stress triaxiality and
Lode parameter in the space of (g,n,rMises) as below:
f ðrijÞ ¼ a 3bgþ 1
3
ffiffiffi
3
p � 2c

27
n

� �1=3
" #

rMises ð15Þ
where n is the normalized third invariant computed in a form of
Fig. 5. Illustration of the Lode angle.
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n ¼ cosð3hÞ ¼ 3
ffiffiffi
3
p

J3

2J3=2
2

ð16Þ
Eq. (16) not only expresses the normalized third invariant by the second and third invariants, but also provides its relation
with the Lode angle. Lou and Huh (2013) and Lou et al. (2014) derived the relation between the Lode angle and the Lode
parameter as below:
L ¼ 3 tanðhÞ �
ffiffiffi
3
p

tanðhÞ þ
ffiffiffi
3
p ð17Þ
with the Lode parameter defined in a form of
L ¼ 2rII � rI � rIII

rI � rIII
ð18Þ
where rI, rII and rIII are the maximum, intermediate and minimum principal stresses, respectively. According to Eqs. (16)
and (17) as well as the definition of the Lode angle parameter �h, these Lode related parameters have a one-to-one relation
as plotted in Fig. 6. Thus, the dependence on these parameters can be simply referred as Lode dependence.

The proposed yield surface in Eq. (9) is constructed in the space of (g,n,rMises) in Fig. 7 when b = 0.05 and c ¼ 3
ffiffiffi
3
p

=8.
Three plane stresses conditions are denoted by rI = 0 when the largest principal stress is equal to zero, rII = 0 for tension–
compression loading, and rIII = 0 for the biaxial tension with a zero minimum principal stress. In addition, the uniaxial ten-
sion condition and uniaxial compression state are also highlighted in Fig. 7. It is noted that both the stress triaxiality and the
normalized third invariant are different for the uniaxial tension and uniaxial compression. That is, the stress triaxiality is 1/3
and the normalized third invariant is one for the uniaxial tension while g = �1/3 and n = �1 at uniaxial compression. Hence,
the difference in yield stress between uniaxial tension and uniaxial compression is expected to be caused by the difference
from the stress triaxiality, or solely by the difference in the normalized third invariant, or due to the mixed effect of both the
stress triaxiality and the normalized third invariant. That is, SD effect can be theoretically described either by the stress tri-
axiality or by the normalized third invariant, or by both of them.

4. Extension to orthotropic metals

The yield function proposed can be extended to describe the anisotropic plastic deformation for orthotropic metals in a
form of
f ðrijÞ ¼ ~I1 þ J03=2
2 � J003

� �1=3
ð19Þ
with
~I1 ¼ hxrxx þ hyryy þ hzrzz ð20Þ

J02 ¼
1
2

s0 : s0 ¼ �s011s022 � s022s033 � s033s011 þ s0212 þ s0223 þ s0213 ð21Þ

J003 ¼ detðs00Þ ¼ s0011s0022s0033 þ 2s0012s0023s0013 � s0011s00223 � s0022s00213 � s0033s00212 ð22Þ
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Fig. 7. The proposed yield surface in the space of (g, n, rMises).
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where ~I1 represents the anisotropic-weighted first stress invariant for pressure sensitivity, J02 is the second stress invariant of
an isotropic plastic equivalent (IPE) transformed stress tensor of s0, and J003 is the third stress invariant of another IPE trans-
formed stress tensor of s0. By using invariant forms, it is not necessary to calculate any principal stress values in Eqs. (21) and
(22), which leads to a simple form of yield function derivatives. The axes of x, y and z represent rolling direction (RD), trans-
verse direction (TD), and normal direction (ND) of cold rolled metals, respectively. Two IPE stress tensors of s0 and s00 are
transformed from the stress tensor r by two fourth-order linear transformation tensors of L0 and L00 as follows:
s0 ¼ L0 r; s00 ¼ L00r ð23Þ
with
L0 ¼

ðc02 þ c03Þ=3 �c03=3 �c02=3 0 0 0
�c03=3 ðc03 þ c01Þ=3 �c01=3 0 0 0
�c02=3 �c01=3 ðc01 þ c02Þ=3 0 0 0

0 0 0 c04 0 0
0 0 0 0 c05 0
0 0 0 0 0 c06

2
666666664

3
777777775

ð24Þ

L00 ¼

ðc002 þ c003Þ=3 �c003=3 �c002=3 0 0 0
�c003=3 ðc003 þ c001Þ=3 �c01=3 0 0 0
�c002=3 �c001=3 ðc001 þ c002Þ=3 0 0 0

0 0 0 c004 0 0
0 0 0 0 c005 0
0 0 0 0 0 c006

2
666666664

3
777777775

ð25Þ

rT ¼ rxx ryy rzz ryz rxz rxyð Þ ð26Þ
The linear transformation tensors, L0 and L00 in Eqs. (24) and (25) have the same form of Yld91 by Barlat et al. (1991) which
has six coefficients. If necessary, it is possible to use a linear transformation tensor which has more coefficients including
Yld2004 by Barlat et al. (2005). In the extended anisotropic form of the yield function proposed, the material constants of
a, b and c in the isotropic form of the yield function are implicitly coupled by hx, hy, hz and anisotropic parameters in two
fourth-order linear transformation tensors of L0 and L00.

The anisotropic pressure sensitivity parameters of hx, hy and hz are computed by uniaxial tensile tests in rolling direction
(RD), transverse direction (TD), and normal direction (ND) under different hydrostatic pressure. Here the pressure sensitivity
is assumed to be isotropic for the simplicity purpose. That is, hx = hy = hz = b. Then the anisotropic yield function reduces to a
form of
f ðrijÞ ¼ bI1 þ J03=2
2 � J003

� �1=3
ð27Þ
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5. Calibration of the proposed anisotropic yield function

To characterize plastic behavior of metals using the yield function proposed, material constants need to be calibrated by
the experimental testing. First of all, the material constant of b for the pressure sensitivity is evaluated by the yield stresses
from uniaxial tensile tests carried out in a hydrostatic pressure chamber. Second, uniaxial tensile and compression tests as
well as the balanced biaxial tensile and compressive experiments are required to calibrate the rest 12 parameters in L0 and
L00. Among these anisotropic parameters, eight of them are related with in-plane properties while the other four parameters
of c04; c05; c004 and c005 are used to describe the through-thickness behavior of metals. Eight anisotropic parameters related with
in-plane plastic behavior are calibrated by four tensile yield stresses of uniaxial tension in RD, DD, TD and the balanced biax-
ial tension denoted as T0, T45, T90 and Tb, and four compressive yield stresses including uniaxial compression in RD, DD, TD
and the balanced biaxial compression represented by C0, C45, C90 and Cb.

5.1. Equations for in-plane tensile yield stresses

A uniaxial tensile yield stress denoted as Th is measured from an in-plane uniaxial tensile test in a direction with an angle
of h from the rolling. Then the stress components of Th in the orthotropic coordinate are obtained as follows:
rxx ¼ Th cos2 h; ryy ¼ Th sin2 h; rxy ¼ Th sin h cos h ð28Þ
Substituting the stress components of an in-plane uniaxial tensile yield stress of Th in Eq. (28) into the yield function in Eq.
(27) provides a relation as below:
Th ¼
1

bþ ð3K 021 þ K 022 Þ
3=2 þ 2K 001ðK

002
1 � K 0022 Þ

h i1=3 ð29Þ
with
K 01 ¼
c02 cos2 hþ c01 sin2 h

6
;K 02 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c02 þ 2c03
	 


cos2 h� c01 þ 2c03
	 


sin2 h

6

 !2

þ c06 sin h cos h
	 
2

vuut ð30Þ

K 001 ¼
c002 cos2 hþ c001 sin2 h

6
;K 02 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c002 þ 2c003
	 


cos2 h� c001 þ 2c003
	 


sin2 h

6

 !2

þ c006 sin h cos h
	 
2

vuut ð31Þ
The uniaxial tensile yield stresses of T0, T45 and T90 are calculated by setting the angle h as 0�, 45�, and 90� as follows:
T0 ¼
3

3bþ c022 þ c02c03 þ c023
	 
3=2 þ c002c003 c002 þ c03

	 
h i1=3 ð32Þ

T45 ¼
6

6bþ c021 þ c01c02 þ c022 þ 9c026
	 
3=2 þ c001 þ c002

	 

c001c002 � 6c0026

	 
h i1=3 ð33Þ

T90 ¼
3

3bþ c021 þ c01c03 þ c023
	 
3=2 þ c001c003 c001 þ c003

	 
h i1=3 ð34Þ
The in-plane balanced biaxial tensile yield stress of Tb is obtained by substituting its stress components of (Tb,Tb,0) into
the yield function in Eq. (27) as below:
Tb ¼
3

3bþ c021 þ c01c02 þ c022
	 
3=2 þ c001c002 c001 þ c002

	 
h i1=3 ð35Þ
5.2. Equations for in-plane compressive yield stresses

Let’s denote a uniaxial compressive yield stress measured from an in-plane uniaxial compressive test along an angle of h
from the rolling as Ch which is assumed as a positive value. Accordingly, the stress components of Ch in the orthotropic coor-
dinate are obtained as follows:
rxx ¼ �Ch cos2 h; ryy ¼ �Ch sin2 h; rxy ¼ �Ch sin h cos h ð36Þ
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The uniaxial compressive yield stress of Ch is computed by substituting the stress components of in Eq. (36) into the yield
function in Eq. (27) in a form of
Ch ¼
1

�bþ 3K 021 þ K 022
� �3=2

� 2K 001 K 0021 � K 0022

� �� �1=3 ð37Þ
The expressions for K 01; K 02; K 001 and K 002 are given in Eqs. (30) and (31). Setting h as 0�, 45�, and 90� provides the equations
for the in-plane uniaxial compressive yield stresses of C0, C45 and C90 in forms of:
C0 ¼
3

�3bþ c022 þ c02c03 þ c023
	 
3=2 � c002c003 c002 þ c003

	 
h i1=3 ð38Þ

C45 ¼
6

�6bþ c021 þ c01c02 þ c022 þ 9c026
	 
3=2 � c001 þ c002

	 

c001c002 � 6c0026

	 
h i1=3 ð39Þ

C90 ¼
3

�3bþ c021 þ c01c03 þ c023
	 
3=2 � c001c003 c001 þ c003

	 
h i1=3 ð40Þ
The in-plane balanced biaxial compressive stress of Cb is obtained by substituting its stress components of (�Cb,�Cb,0)
into the yield function in Eq. (27) as below:
Cb ¼
3

�3bþ c021 þ c01c02 þ c022
	 
3=2 � c001c002 c001 þ c002

	 
h i1=3 ð41Þ
5.3. Identification of material constants

The material constant b for pressure sensitivity is suggested to be identified from uniaxial tensile tests under different
hydrostatic pressure conducted in a hydrostatic pressure chamber (Spitzig et al., 1975; Spitzig and Richmond, 1984). The
rest 12 material constants are used to characterize anisotropic behavior of metals. Among them, eight material constants
are related with in-plane anisotropic behavior. These eight material constants are calibrated by eight experimental yield
stresses of T0, T45, T90, Tb, C0, C45, C90 and Cb. For the calibration purpose, an error function is constructed based on predicted
tensile stress ratios in Eqs. (32)–(35) and predicted compressive stress ratios in Eqs. (38)–(41) as below:
Err ¼ Texp :
0

TPred:
0

� 1

 !2

þ Texp :
45

TPred:
45

� 1

 !2

þ Texp :
90

TPred:
90

� 1

 !2

þ Texp :
b

TPred:
b

� 1

 !2

þ Cexp :
0

CPred:
0

� 1

 !2

þ Cexp :
45

CPred:
45

� 1

 !2

þ Cexp :
90

CPred:
90

� 1

 !2

þ Cexp :
b

CPred:
b

� 1

 !2

ð42Þ
This high order equation with high non-linearity is optimized to obtain the anisotropic material constants in the proposed
yield function by the down-hill simplex method (Nelder and Mead, 1965) which was also adopted by Lou et al. (2013a) and
Huh et al. (2010). The essential merit of the down-hill simplex method lies in that the derivatives are not required during
optimization. Besides, it should be noted that material constants of c06 and c006 are related with the uniaxial tensile and com-
pressive stresses of T45 and C45 by Eqs. (33) and (39) while the other six anisotropic parameters related with in-plane plastic
behaviors can be computed by six stresses of T0, T90, Tb, C0, C90 and Cb.

With the material constants identified above, the proposed yield function can be successfully applied to describe plastic
behavior of metals under plane stress condition, but it cannot be used to model anisotropic-asymmetric plastic deformation
under three-dimensional loading since the through-thickness related parameters of c04; c05; c004 and c005 are not calibrated yet.
Normally these materials constants are computed based on uniaxial tensile and compressive yield stresses in the x–z and y–z
planes along 45� from the rolling. The uniaxial tensile and compressive yield stresses in the x–z plane along 45� from the
rolling are represented by Txz45 and Cxz45, which are calculated by the proposed yield function in forms of
Txz45 ¼
6

6bþ c021 þ c01c03 þ c023 þ 9c025
	 
3=2 þ c001 þ c003

	 

c001c003 � 6c0025

	 
h i1=3 ð43Þ

Cxz45 ¼
6

�6bþ c021 þ c01c03 þ c023 þ 9c025
	 
3=2 � c001 þ c003

	 

c001c003 � 6c0025

	 
h i1=3 ð44Þ
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Similarly, uniaxial tensile and compressive yield stresses in the y–z plane loaded 45� from RD denoted by Tyz45 and Cyz45

are assessed by the proposed yield function as follows:
Fig. 8.
plate d
Tyz45 ¼
6

6bþ c022 þ c02c03 þ c023 þ 9c024
	 
3=2 þ c002 þ c003

	 

c002c003 � 6c0024

	 
h i1=3 ð45Þ
Cyz45 ¼
6

�6bþ c022 þ c02c03 þ c023 þ 9c024
	 
3=2 � c002 þ c003

	 

c002c003 � 6c0024

	 
h i1=3 ð46Þ
Then the material constants c05 and c005 are identified by Txz45 and Cxz45 from Eqs. (43) and (44) while c04 and c004 are evaluated
by Tyz45 and Cyz45 with Eqs. (45) and (46). However, these tests are difficult for sheet metals due to the fact that sheet metals
are normally thin to manufacture specimens for these tests. Thus, these four parameters related with through-thickness
properties can be assumed to be a value such that the material properties in thickness direction are identical with those
of in-plane behaviors. For example, these constants can be set as c04 ¼ c05 ¼ c006 and c004 ¼ c005 ¼ c006. Additionally, it must be
stressed that setting c04; c05; c004 and c005 as unity does not mean that the through-thickness behavior is isotropic or identical
with in-plane plastic behavior, which is different with other yield functions, such as Barlat et al. (1991, 2003, 2005). This
is because the anisotropic material constants here also affect the asymmetric behavior of metals.
6. Modeling yield surface evolution of a zirconium clock-rolled plate

The yield function proposed in Eq. (27) is employed to illustrate the yield surface evolution of a zirconium clock-rolled
plate during in-plane and through-thickness compression for various levels of pre-strains. The evolution of yield surfaces
modeled by CPB06 is reported by Plunkett et al. (2007) using the visco-plastic self-consistent (VPSC) polycrystalline model
of Lebensohn and Tomé (1993). In the VPSC model, the initial texture was obtained from experiments. The deformation
mechanisms are assumed to be composed of prismatic hai-slip, pyramidal hc + ai-slip and tensile twining. The slip and twin-
ning parameters (i.e. critical stresses, hardening coefficients and rate sensitivity exponent) are referred after Tomé et al.
(1993).

Effect of texture evolution is investigated on the yielding behavior of the zirconium clock-rolled plate using the VPSC
polycrystalline model. Yield stresses are depicted as the symbols in Fig. 8 during in-plane compression for various levels
of 1%, 5%, 25%, 35%, 45% and 60%. For each level of pre-strain, the material constants of the proposed yield function in Eq.
(27) are optimized to match with yield stresses with minimum errors as summarized in Table 1. It should be noted that
two material constants of c06 and c006 are not computed since these two constants are related with two yield stresses of T45

and C45 and computed by Eqs. (33) and (39). These two constants have no influence the shape of yield surfaces in the biaxial
stress plane. With the material constants optimized in Table 1, the yield surfaces are constructed for different levels of
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Table 1
Material constants in the proposed yield function in Eq. (27) for a zirconium clock-rolled plate during in-plane compression for various levels of pre-strain.

Pre-strain (%) b c01 c02 c03 c001 c002 c003

1 �0.0608 0.8296 0.9253 2.3893 �0.0242 �0.0802 0.0553
5 �0.1410 0.9767 1.1056 2.7774 �1.0342 1.3298 0.3355

25 �0.0100 1.3992 0.8097 2.2170 �3.7006 �0.3056 0.2823
35 �0.0563 1.4783 0.8918 2.2120 1.1077 �0.9910 �2.9780
45 �0.0319 1.8039 0.9850 1.9848 0.6250 �0.7562 �3.6015
60 0.0003 2.6681 1.5868 1.3944 0.8682 �1.8095 �1.6691
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pre-strains and compared with the stresses computed by the VPSC polycrystalline model in Fig. 8. The comparison reveals
that the proposed yield function accurately describes the yielding behavior of the zirconium clock-rolled plate for various
levels of pre-strain in in-plane compression.

In addition, yield stresses of the identical metals are computed by the VPSC polycrystalline model during through-thick-
ness compression for different levels of pre-strains (0.2%, 1%, 5%, 25% and 35%) as illustrated by symbols in Fig. 9. These yield
stresses are utilized to optimize the material constants of the proposed yield function as listed in Table 2. The yield surfaces
are predicted by the yield function in Eq. (27) with the material constants optimized. The yield surfaces predicted are com-
pared with those computed by the VPSC model. It can be seen that the proposed yield function accurately models the evo-
lution of the yield surfaces during through-thickness compression for different pre-strain levels. The prediction is also
compatible with Plunkett et al. (2007) predicted by CPB06 yield function.

7. Application to AA 2008-T4

For the evaluation purpose, the proposed yield function is first applied to describe anisotropic-asymmetric behavior of an
aluminum alloy of AA 2008-T4 for which plastic deformation is mainly due to slip. The mechanical properties are
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Fig. 9. Comparison of yield surface evolution predicted by the proposed yield function with those computed by the VPSC model for a zirconium clock-rolled
plate pre-strained in through-thickness compression for various levels of pre-strain (after Plunkett et al., 2007). (unit: MPa).

Table 2
Material constants in the proposed yield function in Eq. (27) for a zirconium clock-rolled plate during through-thickness compression for various levels of pre-
strain.

Pre-strain (%) b c01 c02 c03 c001 c002 c003

0.2 �0.0178 0.5946 0.6074 2.3372 0.4017 �0.7646 0.2295
1 �0.0746 0.9357 1.0463 2.7183 �0.0008 �0.0450 0.0245
5 �0.1379 0.9066 1.0312 2.6937 0.5818 1.1102 0.8839

25 �0.0685 0.8530 0.9600 2.5815 �1.6096 1.1486 1.6666
35 �0.0621 0.9858 0.8798 2.4899 0.9359 1.0635 �1.3575



Table 3
Experimental results of AA 2008-T4 (unit: MPa) (Yoon et al., 2000).

Metals T0 T45 T90 Tb C0 C45 C90 Cb
a

AA 2008 T4 211.67 200.03 191.56 185.00 213.79 229.82 214.64 222.02

a Cb = (C0 + 2C45 + C90)/4.

Table 4
Material parameters in the proposed yield function for AA 2008-T4 with b = 0.

Metals c01 c02 c03 c06 c001 c002 c003 c006

AA 2008-T4 1.9209 1.7404 1.7122 1.6842 �54.3324 0.0029 �0.0018 �0.2623

Fig. 10. The yield surface of AA 2008-T4 constructed by the proposed yield function on the p-plane (after Stoughton and Yoon, 2004) (unit: MPa).
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Fig. 11. Accuracy evaluation of the plane stress yield surface for AA 2008-T4 constructed by the proposed yield function as well as those predicted by
Stoughton and Yoon (2004) and Lou et al. (2013a) (unit: MPa).
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experimentally measured by Yoon et al. (2000) and summarized in Table 3. It should be noted that the balanced biaxial com-
pressive yield stress of Cb is not measured from experiments but approximated by the averaged value of three uniaxial com-
pressive yield stresses of C0, C45 and C90 by Cb = (C0 + 2C45 + C90)/4 since the balanced biaxial compressive yield stress cannot
be accurately measured based on current experiments. The material is generally assumed to be pressure-insensitive. More-
over, experimental results in Table 3 indicate that SD effect is not too severe. Thus, the material constant of b for pressure
sensitivity is zero for AA 2008-T4. Other anisotropic parameters related with in-plane plastic behavior in two fourth-order
tensors of L0 and L00 are optimized with Eq. (42) by experimental results and summarized in Table 4.

Since AA 2008-T4 is assumed to be pressure insensitive, the three-dimensional yield surface constructed by the yield
function proposed can be illustrated on the p-plane as compared with experimental data points in Fig. 10. It is obvious that
the yield function proposed correctly describes the yield stresses of T0, T90, Tb, C0, C90 and Cb. In addition, the proposed yield
surface under plane stress is compared with those of Stoughton and Yoon (2004) and Lou et al. (2013a) in Fig. 11. The com-
parison indicates that one merit of the proposed yield function over Stoughton and Yoon (2004) and Lou et al. (2013a) lies in
the accurate modeling of the balanced biaxial compressive yield stress. Besides, the directional dependence of in-plane uni-
axial tensile and compressive yield stresses is predicted by the yield function proposed as well as those by Stoughton and
Yoon (2004) and Lou et al. (2013a) and compared with experimental results in Figs. 12 and 13. It is observed that all these
yield functions correctly describe the directionality of in-plane uniaxial tensile yield stresses with very small difference.
However, the proposed yield function in Eq. (27) is capable of modeling anisotropy in uniaxial compressive yield stresses
while Stoughton and Yoon (2004) and Lou et al. (2013a) cannot provide reasonable predictability for the in-plane uniaxial
compressive yield stresses especially for 45� from the rolling.
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Fig. 12. Comparison of in-plane uniaxial tensile yield stresses for AA 2008-T4 constructed by the proposed yield function with those predicted by Stoughton
and Yoon (2004) and Lou et al. (2013a).
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Fig. 13. Comparison of in-plane uniaxial compressive yield stresses for AA 2008-T4 constructed by the proposed yield function with those predicted by
Stoughton and Yoon (2004) and Lou et al. (2013a).
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8. Application to a high-purity a-titanium

As a very popular HCP metal, titanium alloys are widely used in aerospace engineering, energy and automotive industries
owning to their attractive mechanical properties of elevated strength-to-density ratio, exceptional corrosion and erosion
resistance and excellent structural efficiency even at high temperature. Titanium alloys are also a quite promising material
in body implants and prosthetic devices because of the inherent non-reactivity with tissue and bone: nontoxic, nonallergenic
and fully biocompatible. Thus, the proposed yield function is applied to describe plastic behavior of a high purity a-titanium
(Nixon et al., 2010). Yielding of this metal is assumed to be insensitive to hydrostatic pressure because there is no experi-
mental result from uniaxial tensile tests under different hydrostatic pressure indicating that hydrostatic pressure affects
plastic deformation of titanium alloys. Moreover, SD effect of high-purity a-titanium is not severe and can be successfully
modeled by the proposed yield function without pressure sensitivity. Therefore, the material constant of b is set to zero
for high-purity a-titanium. Anisotropic parameters related with in-plane properties in L0 and L00 are evaluated by optimizing
Eq. (42) by experimental results measured by Nixon et al. (2010). Taking the advantage of pressure insensitivity of
Fig. 14. Comparison the yield surfaces of high-purity a-titanium constructed by the proposed yield function with experimental results on the p-plane (after
Nixon et al., 2010) (unit: MPa).
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J.W. Yoon et al. / International Journal of Plasticity 56 (2014) 184–202 199
high-purity a-titanium, the three-dimensional yield surfaces are constructed on the p-plane by the yield function proposed
for various amount of plastic strain: 0%, 5%, 10% and 20%. The constructed yield surfaces are compared with experimental
data points as depicted in Fig. 14. Besides, comparison of the yield surfaces is also carried out under plane stress conditions
in Fig. 15. The comparison in both three-dimensional loading and plane stress demonstrates that the yield function proposed
accurately models the orthotropic behavior of the high-purity a-titanium not only in tension but also in compression.

9. Application to AZ31 magnesium alloy

Magnesium and its alloys are another series of HCP metals and offer an alternative and promising solution to limit the
emission of green house gases as well as for reduction of fuel consumption with regard to their intrinsic properties of
low density, competitive mechanical response and high recyclability. Different from titanium alloys, magnesium and its al-
loys demonstrate much stronger SD effect. The ratio of uniaxial tensile to uniaxial compressive yield stress was observed to
be greater than two for pure textured magnesium (Kelley and Hosford, 1968) and AZ31 at 3% plastic strain (Khan et al.,
2011). Here the uniaxial tensile and compressive tests are conducted in three directions of RD, DD and TD to measure the
uniaxial tensile and compressive yield stresses at the onset of yielding for AZ31 as summarized in Table 5. The balanced
biaxial tensile yield stress is approximated by the mean values of three uniaxial tensile yield stresses in a form of Tb = (T0 +
2T45 + T90)/4 while the balanced biaxial compressive yield stress is approximated by the mean values of three uniaxial
compressive yield stresses by Cb = (C0 + 2C45 + C90)/4. The measured yield stresses in Table 5 are utilized to calibrate the yield
function proposed. First, experimental results are not available to characterize the pressure sensitivity of AZ31. Moreover,
the ratio of the uniaxial tensile yield stress to the uniaxial compressive yield stress is observed to be about 0.55 for AZ31
Table 5
Experimental results of AZ31 (unit: MPa).

Metal T0 T45 T90 Tb
a C0 C45 C90 Cb

b

AZ31 170.82 177.13 191.83 179.23 96.58 94.95 103.38 97.47

a Tb = (T0 + 2T45 + T90)/4.
b Cb = (C0 + 2C45 + C90)/4.

Table 6
Material parameters in the proposed yield function for AZ31 with b = �0.2.

Metal c01 c02 c03 c06 c001 c002 c003 c006

AZ31 2.1468 2.5343 2.3435 2.4859 0.2347 0.2819 9.9643 7.6361

Fig. 16. Comparison the three-dimensional yield surface of AZ31 constructed by the proposed yield function with experimental results (unit: MPa).
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in Table 5, which is beyond the capability of the proposed yield function without pressure sensitivity. Hence, the material
constant for pressure sensitivity of b is given an arbitrary value of �0.2 which provides a satisfactory prediction for the yield-
ing of AZ31 used here. With b = �0.2, anisotropic parameters related with in-plane properties in L0 and L00 are calibrated with
the error function of Eq. (42) by experimental results in Table 5. Anisotropic parameters calibrated in Table 6 are employed to
construct the yield surfaces. The yield surfaces constructed are compared with experimental results under three-
dimensional loading in Fig. 16 and under plane stress loading in Fig. 17. It should be noted that the yield surface under
three-dimensional loading in Fig. 16 cannot be illustrated on p-plane since the pressure sensitivity is coupled for AZ31.
The comparison reveals that the proposed yield function precisely predicts the yield stresses of T0, T90, Tb, C0, C90 and
Cb. The predicted uniaxial tensile yield stresses are compared with the experimental results in Fig. 18 while the predicted
directionality of uniaxial compressive yield stresses is evaluated with the experimental data points in Fig. 19. It is
observed that the proposed yield function correctly describes the directionality of uniaxial yield stresses both in tension
and compression including 45� (see Fig. 20).
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Fig. 17. Comparison the yield surface of AZ31 constructed by the proposed yield function with experimental results under plane stress loading (unit: MPa).
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Fig. 18. Comparison of in-plane uniaxial tensile yield stresses for AZ31 constructed by the proposed yield function with experimental results.
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Fig. 19. Comparison of in-plane uniaxial compressive yield stresses for AZ31 constructed by the proposed yield function with experimental results.
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Fig. 20. Comparison of in-plane uniaxial tensile & compressive yield stresses for AZ31 constructed by the proposed yield function with experimental
results.
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10. Conclusions

An isotropic yield function under three-dimensional loading is proposed with dependence on the first, second and third
stress invariants of the stress tensor. Yielding is assumed to be linearly dependent on hydrostatic pressure based on exper-
imental observation of Spitzig and Richmond (1984) while asymmetric characteristics is preserved for the third stress invari-
ant to model SD effect of pressure-insensitive metals. The proposed yield function expressed in the space of (g,n,rMises)
theoretically indicates that tension–compression asymmetry of plastic yielding is attributed to either pressure sensitivity
or the Lode dependence, or combination of these two parameters. The proposed yield function is extended to an anisotropic
form to model both orthotropic and asymmetric behavior of cold rolled metals. The anisotropic form of the proposed yield
function is validated to be capable of modeling evolution of yield surfaces for a zirconium clock-rolled plate during in-plane
and through-thickness compression for various levels of pre-strain. The proposed yield function also provides accurate pre-
dictability of anisotropic and asymmetric behavior for various metals of AA 2008-T4, high-purity a-titanium and AZ31. Thus
the yield function proposed is capable to describe anisotropic-asymmetric behavior in metal forming processes not only un-
der plane stress but also under three-dimensional loading when normal stress is dominated in plastic deformation. The pro-
posed function is efficient when it is combined with non-associated flow plasticity if r-value anisotropy is modeled
(Stoughton and Yoon, 2004, 2009).
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